The value 6,34 v.e. for D extrap for SO leads on correction by 0,37 + 0,66 for the'valence states of the two atoms to D 0 ^ 5,31 v.e., in approximate agreement with the precisely known value 5,184 v.e.
The valence state for nitrogen, at 27/100 F 2 (with 2 D at 9/25 F 2 and 2 P at 3/5 F 2 ), is calculated to lie about 1,67 v.e. above the normal state, 4 S, that for the iso-electronic oxygen ion 0+ is 2,34 v.e., and that for phosphorus is 1,05 v.e. above their normal states. Similarly the bivalent states lead to values of the dissociation energy in rough agreement with the directly determined values for many molecules.
It is interesting to consider the nitrogen molecule and the carbon monoxide molecule, the dissociation energies of which remain uncertain despite much work and discussion. Values of D 0 for N 2 between 5,2 and 11,9 v.e. have been suggested in recent years, the most likely 4 being 7,383, 8,573, and 9,764 v. e. We note that -D extrap diminished by the valence correction for two nitrogen atoms is 8, 46 v.e., supporting the value 8,573 v.e. Similarly the value 9,75 v.e. is found for carbon monoxide, which supports the predissociation value 5 9,847 v.e., rather than the alternatives 11,11, 9,14, and 6,92 v.e. that have been proposed. However, the A rough correlation between D extrap and bond type is evident for the more stable states of the diatomic molecules. Thus the bonds A = A and A = A between elements of the first short period tend to have dissociation energy to the atomic valence state equal to about 6,6 v.e. Examples are 0+ X, 6,51; N 2 B, 6,68; N 2 a, 6,56; C 2 A, 7,05; C 2 b, 6,55 v.e. An increase, presumably due to the stabilizing effect of the partial ionic character of the double bond, is observed when the atoms differ by 0,5 in electronegativity: NO X, 7,69; CN A, 7,62 v.e.
There is striking agreement, at 7,84 ± 0,02 v. e., among the values of £> extrap for the normal states of SC, PN, and SiO, with the structures : A -B :. The agreement extends even to the excited state A 2 2 of PO, with a promoted outer electron, (: P O:) •. The presence of two outer o electron pairs is seen to stabilize the molecule, since D .
extrap.
is smaller for triple-bonded structures with an odd outer a electron -6,90 for PC X, and 6,21 for SiN X. This is surprising; the resonance of the outer odd electron and electron pair, A =B :, :AE=B-}, might be expected to contribute to the stabilization of the normal state, and to make such a bond stronger than the ordinary triple bond.
5 H. D. Hagstrum and J. T. Täte, Physic. Rev. 59, 354 [1941] , have stated that 9,6 ± 0,2 v.e. is the only value which yields a consistent interpretation of all of the electron-impact observations made on carbon monoxide.
Polyhedral Harmonics
By OTTO LAPORTE I t is a familiar fact and one which is frequently referred too in books on the methods of theoretical physics that solutions of the wave equation are possible in closed form only for domains of a very limited number of shapes. In the sequel, a Solution for a region is meant. to be a Solution, which either vanishes itself or whose normal derivative vanishes on the boundary of that region. The limitation just referred to may concern both the sha.pe of the bounding surface and the ränge of the curvilinear coordinates, which vary along the surface. As an example of the first type of restriction we note that solutions of the wave equations are know-n only for domains bounded by quadric surfaces or by degenerate cases of these. An example of a restrict.ion of the second kind is the fact that solutions of the two dimensional wave equation for flat triangular regions may be written down only for the equilateral case and for a few triangles like (1/2, 1/4, 1/4)w and (1/2, 1/3, 1/6) rc.
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The property, which distinguishes these triangles from all others, is obviously their special symmetry. This is further brought out by the fact that for circular sectors or for regions bounded by two straight lines the Vertex angle has an essential influence upon the character of the Solution. As long as the Vertex angle is a submult.iple of rc, i.e. rc/w with n integral, the Solution is a univalued function, while for a general angle it is of a much more complicated character. Obviously what distinguishes the former regions from the latter is that by repeated reflections the whole plane (or the whole angular region of 2 rc radians) may be covered.
The following remarks are concerned with the generalization of the last mentioned case into three dimensional space. The problem to be discussed is the following: -For which regions bounded by planes that meet in one point is it possible to find simple solutions of the wave equation? Upon introducing spatial polar coordinates, whose origin is at the point of intersection of the planes, it is seen that the problem is equivalent to that of finding solutions of the three dimensional Laplace-equation, which either vanish or whose normal derivatives vanish upon planes meeting in one point.
The only cases of this kind for which up to the present harmonic functions have been found. are solid angular regions formed by the symmetry planes of one of the four groups associated with the regulär solids. Just as in the two dimensional case those circular harmonics are known to be of espeeially simple form, which possess the symmetry of a regulär n-gon, so in space we are led to the spherical harmonics possessing the symmetry of the regulär solids. The symmetry planes can also be said to intersect the sphere of radius unity in great circles, which in turn subdivide the surface of the sphere into a certain number of congruent spherical triangles.
The invariants of the regulär polyhedra have been discussed since the book by F. K1 e i n 1 on the connection between the Icosahedron and the equation of fifth degree. Surfaces possessing the symmetry of the polyhedra were studied systematically by Goursat 2 . The need for spherical harmonics possessing this symmetry was first pointed out by Pockels 3 in his classic book. He gave, without proof, the simplest harmonics, which vanish at the planes of symmetry. Higher harmonics of this kind were not given, nor were the harmonics, whose normal derivative vanishes, discussed. Polyhedral groups and spherical harmonics are studied in detail in two papers by Eiert 4 and Bethe 5 . However, the problem dealt with by these authors -that of the transformations of spherical harmonics into one another by means of the tetrahedral and octahedral groups and the representations of these groups generated thereby -is only remotely connected with the present problem. Two papers,. by P o o 1 e 6 and Hodgkin son 7 , constitute the first contribution to the problem since Pockels' early results, in as much as rules are given for the construction of such harmonics, whose normal derivatives vanish on the symmetry planes. These authors were evidently unaware of the results of Goursat and Pockels, for the developments of espeeially the former paper are -though in different language -repeated. Furthermore no mention is made of a second class of polyhedral harmonics, which for applications is just as important: namely those vanishing on the symmetry planes. There is, finally, a recent paper by Beckenbach and Reade 8 , in which mean value theorems and displacement properties of a certain class of harmonic functions related to polyhedral harmonics are studied. As a last remark it should be pointed out that-the harmonics discussed in this paper are quite different from the tetrahedral and octahedral eigenfunetions introduced by Pauling 9 . Paulings functions are sums of spherical surface harmonics for l = 0, 1 and 2 and are therefore not spherical harmonics in the proper sense; we, on the other band, are interested in homogeneous solutions of Laplaces equation for a definite degree l.
Polyhedral groups and their solid angular regions
In the following developments rules are given for the construction of harmonic polynomials, which are invariant under the substitutions of the four different polyhedral groups. The linear partial differential equations of physics call for solutions, for which either the normal derivative or the function itself vanishes on the boundary of the region. It is clear therefore, that in the present case where the boundaries are the symmetry planes of the polyhedra, the former harmonic behaves symmetrically upon passage through such a plane, while the latter type of harmonic changes sign in adjacent regions. The former type will be called the even harmonic, the latter the odd harmonic 10 . In the first column the polyhedron in question is written down as a label for each case. It is well known that to each polyhedron a dual one can be constructed possessing as many faces and corners as the original polyhedron possess^d corners and faces respectively. One simply constructs planes at the corners, which in each case are perpendicular to the rays from the centre to the corners, and allows those planes to grow until they intersect each with its neighbour. Dual polyhedra possess identical symmetry groups. In this sense cube and octahedron are dual to one 10 For electromagnetic fields it ean be proved that for arbitrary cone-shaped regions the odd harmonic gives rise to fields, which lack a radial component of H, the even harmonic to fields, which lack the radial E component. See O. Laporte, Amer. J. Physics [1948] .
another, also icosahedron and dodecahedron. The second case is seif dual, i.e. the dual of a tetrahedron-is again a tetrahedron.
Concerning the first case mentioned in the table, a separate word may be necessary. The polyhedron, which goes with this case, is a double pyramid, whose base is a regulär polygon. For each value of n, one therefore arrives at a new triangle and the division of the sphere, which results, is like that of a globe, on which the equator and n meridians intersecting under equal angles at the north pole have been drawn.
An important special case of practical interest is obtained for n = 2; the division of the sphere is into eight rectangular triangles, which are simply the eight octants of a cartesian coordinate system. This group is often called the four-group.
The symmetry planes of the various polyhedra divide the surface of the sphere into congruent areas, which are recorded in the second column. The explanation for the fact that the tetrahedron divides the sphere into 24 triangles of great circles making the angles TU/2, TU/3, TU/3 with one another, rather than into 4 equilateral triangles with angles 2TU/3, 2 TU/3, 27U/3 lies of course in the fact that each symmetry plane, which goes through an edge, will bisect the opposite equilateral triangle. Since three such bisectors go through each face, we get the sphere division shown in the table. Similarly for the other two cases.
The third column contains the area of each spherical triangle according to the formula:
wiiere a, ß, y are the angles between the symmetry planes or between the great circles. The number of such triangles filling the surface of the sphere, recorded in the last column, ist found by dividing the above area into 4TU. It is seen that for the proper regulär bodies this number can always be found by multiplying the number of triangular faces (tetrahedron: 4, octahedron: 8, icosahedron: 20) by six, for as said earlier, each face is divided into six triangles by its three medians.
Polyhedral Invariants
In the following tables the salient facts concerning each of the four groups are set forth. The first entry shows the substitutions, which constitute the group. Next there are recorded the five invariants. By an invariant there is meant a homogeneous polynomial in x, y, z, which is reproduced when any of the linear transformations of the polyhedral group in question is performed. <P behave as even functions, while the $ behave as odd functions. The invariant $ is simply the product of the totality of symmetry planes of each polyhedron. Any product of a 4> with some power or product of <p' s (of course of the same group) will also change sign at a symmetry plane. We shall call all (primitive or imprimitive) invariants made up of cp's only even invariants, while invariants containing $ in the first power shall be called odd invariants. The Square of $ is clearly an even invariant and as such must be connected by an identity 13 with powers and products of the primitive even qp. The explicit derivation presents no difficulty except perhaps for the icosahedron for which case it is to be found on p. 219 of Kl eins book.
Besides multiplication and addition one may employ invariant operators in order to form new invariants by differentiation. It is evident, due to the fact that the gradient transforms like a vector, that the operators obtained when replacing x by d/dx etc. are invariant operators. We shall denote an operator, which has been obtained by this replacement, from an invariant y t (xyz) or <b(xyz) by cp, or <fr r The degree of an invariant is depressed by l upon the application of such an operator. Most important for the present purpose is the operator tp , which is the Laplacian. As for oddness and evenness the following rules are evident: The operator formed by replacing x by d/dx etc. in an even cp is even, the operator formed from an ocld 3» is odd. An even operator acting on an even or odd invariant will produce an even or odd invariant respectively. Conversely an odd operator acting on a even or odd invariant will produce an odd or even invariant. results. But after differentiations the denominator r 21 + 1 has been built up, so the numerator must be an invariant of degree l.
Methods for obtaining polyhedral harmonics
We can now specify the desired properties of polyhedral harmonics. We wish to construct homogeneous polynopiial solutions of Laplace's equation made up of invariants of each polyhedral case. These solid harmonics will form two sets according to whether they vanish on the symmetry planes (odd harmonics), or w T hether their normal derivative vanishes on these planes (even harmonics). It is clear that the odd harmonics should contain the first power of the primitive odd operator $ of each group as a factor, while the even ones should be free of
The lowest odd harmonic is the primitive $ invariant itself, for upon operating on it with the Laplacian cp 2 an odd operator of degree two less should result, w T hich does not exist. The lowest even harmonic is the invariant cp Q = 1.
For obtaining the higher harmonics tw^o methods present themselves, which will be demonstrated on the octahedral case. For the other polyhedral merely the results will be given.
Odd harmonics
The lowest harmonic of this kind is ; all higher harmonics have to contain the first power of $ 9 as factor. The first method begins with the construction of all odd invariants regardless of whether they are solutions of the Laplace equation . The following table is The number of invariants is evidently equal to the number of partitions of l -9 into 2's, 4's and 6's. Now according to section 2, the Laplace operator applied to one of the above invariants must give a linear combination of the above invariants but of degree two less. and $ g <p 4 will be a harmonic. Thus it is seen that the number of harmonics is equal to the number of odd invariants of degree l minus that of degree 1 -2. This N l is recorded in the last column of Table 6 .
The second method adapts Maxwells famous method of poles to the present purpose. Since the Laplacian q> 2 and any other operator qp or $ commute with one another, the identity (1') may be used substituting for <X> ; the of the octahedron. Since no other odd invariant function besides $ exists, (!') becomes in this case . 1 , 1 _ $ 9 7 = const 719-Operating on this relation with any other even invariant operator, will by the same reasoning return numerator functions, which must contain as factor and which will therefore be odd harmonics. The operator <p 2 constitutes of course an exception to this, since Therefore only the operators of the following kind may be employed: sums of powers and products of qp 4 and cp 6 multiplied by . In this way table 7 is obtained.
The last column indicates the number of operators giving a harmonic of degree l. It agrees with that of table 6. As a function of l, N { is equal to the number of partitions of l -9 into 4's and 6's. T.he second method gives the harmonics themselves, but for practical computation the first method is perhaps to be preferred.
Even harmonics
As before we begin with a table of invariants, but now $ 9 is to be omitted so as to get only even functions. Table 9 .
By the same reasoning as before it is seen that there exists a certain linear combination of qp 2 2 and <p 4 , whose Laplacian vanishes. So the first non-trivial even harmonic is of degree 4. The table is quite like table 6 after omitting in the latter. Table 9 uses the operator method and is  very similar to table 7 .
Evidently the number of even harmonics of degree l equals the number of odd harmonics of degree l + 9.
Tables of Harmohics
The methods of the preceding section make it possible to calculate both even and odd polyhedral harmonics for all of the four groups. The notation used is that of tables 3 to 5 with the exception of the dihedral case, where the notation of surface harmonics is employed. the latter is equal to the number of partitions of l into 2's and n'e, i.e. equal to the coefficient of
This case is somewhat simpler than the tetrahedral case which will be discussed later. As for the number of harmonics for a given l we have the relation \Todd -Veven
where the latter is given by
even X . The first degeneracy, i.e. an N { >1, occurs in the set of table 11 for 1 = 12 and in that of table 10 for l = 21.
Tetrahedral case
Since the elementary spherical triangle of. this case is much larger than that of the octahedral case (see table 1), the harmonics will be more densely spaced. Also since this group is a subgroup of the octahedral group, it is to be expected that the present case will have harmonics in common with the previous one. Inspection of table 3 shows that two sets of odd harmonics (i.e. of harmonics vanishing on the six tetrahedral planes) exit: one set of even degree possessing 0> 6 and another Of odd degree possessing «fcgCPg as factor. But since (JjTetr. ^Tetr. _ ^Oct. ? it is seen that this latter set is the set of octahedral (odd) harmonics of table 10. Similarly even harmonics of even degrees starting with cp Q and of odd degrees starting with <p 3 are possible, the first set having already been listed in table 11. When regarding the harmonics of tables 10 and 11 as tetrahedral harmonics, one should, to be consistent, change the symbol cp 6 whever it occurs, called the four-group, is a subgroup of the to <p 3 2 and to q^g. Calling N l as before the number of harmonics of degree l, we have
which is equal to the number of partitions of l into 6's and 10's. We have therefore the generating function:
1=0
The first degeneracy occurs therefore for l = 12.
All of the functions of tables 10 and 13 are seen to vanish on the planes x = 0, y = 0, z = 0. They are therefore some of the harmonics of odd type belonging to ^the dihedral case with n = 2. The reason for this is that this group, which is From this formula the nonexistence of even harmonics of degree 2, 4, 8, 14 and of odd ones of degree 17, 19, 23, 29, is immediately seen. The first degeneracy occurs evidently for l = 30, and in the odd case for l = 45.
Nodal lines for a few octahedral harmonics
Any spherical harmonic divides the surface of the sphere into variously shaped regions, the dividing lines being called nodal lines. When considering the füll surface of the sphere, the Legendre polynomials multiplied by suitable functions of the longitude angle divide the sphere by means of meridians and parallels in a familiar manner 14 . It seems desirable to gain some similar information for our harmonics so as to make them more tangible. We have for this purpose chosen the octahedral case, although other cases might just as readily have been used. Fig. 1 shows the intersections of the symmetry planes with a sphere in stereographic protection, in which circles become circles or straight lines. The edges of the octahedron are drawn as heavy lines, one of its corners is in the center of the figure, while the opposite corner is transformed to infinity. The edges of the dual cube are drawn as light lines so that its six faces are clearly discernible provided the region outside the four large circles is counted as a face. Where the symmetry circles cease to be cube edges, they have been continued as dashed lines. A cube face is thus intersected by two (dashed) diagonals and two (heavy) circles connecting the centers of opposite sides and an octahedron face by three medians. The entire surface of the sphere is therefore divided into the 48 triangles (table 1) , each being bounded by one heavy, one light and one dashed arc. The fact that they are congruent is of course lost in the protection.
We begin the discussion of the harmonics with the odd When we change this into a surface harmonic by division with r 9 and plot the protection, we get a surface, which is positive throughout one triangle and negative in the adjacent ones and which vanishes on all nine circles. Turning to the next harmonic of the set, viz. (23 <p 4 -5<p 2 2 )<!> 9 , we see that the factor of <I> 9 causes the appearance of three nodal cones, whose traces upon the sphere are marked by six 15 dotted curved nodal lines. These latter curves intersect every symmetry circle at a right angle and divide the sphere surface into 96 regiont, in which the harmonic is alternately positive and negative. When we come to the harmonic of 15 th degree (see table 10), then instead of the dotted 14 See for instance Hund, in "Handbuch der Physik", vol. 24-1, p. 578. 15 There should be a sixth closed curve, the opposite of the innermost one, surrounding the whole figure. Its inclusion in the figure would have necessitated reducing the scale considerably.
nodal curves which the figure shows, there will appear eight closed curves (not shown in the figure) surrounding the cube corners.
It will be recalled that the even harmonics are Symmetrie with respect to the symmetry circles. The first harmonic with nodal lines will be 5 qp 4 -cp 2 2 0 f table 11. It vanishes on the sphere on six closed curves, which are very similar in sliape to the dotted curves of fig. 1 , but nowhere eise. The next harmonic is of degree 6 and has as nodal lines twelve closed curves, which this time Surround the midpoints of the cube's edges.
The behavior of the nodal lines seems from the few examples consideredhere rather unpredictable; it might be interesting to calculate a few higher cases and to find a general rule. The degenerate cases (like l = 12) should be even more interesting.
A theorem concerning the lowest odd harmonic
The lists of harmonics show that as the order l increases the sphere becomes subdivided into more and more regions. For the lowest odd harmonic it is possible to formulate this relation as a theorem. For the lowest odd harmonic <I>; the order l is equal to the quotient of the perimeter p and the area A of the spherical triangle, which results from the division of the unit sphere by the symmetry planes of the polyhedral group. between the polyhedra and the hypergeometric function naturally suggest the search for further and related classes of spherical harmonics. We are referring now to such harmonics as would belong to spherical triangles or polygons arising when one plaoes one or several of the triangles of table 1' side by side. Of course, any of the harmonics of section 5 will also be a harmonic of such a wider region, but we are now asking for harmonics that are not contained in the previous sets, espeeially for the "fundamental", which does not vanish anywhere in the inferior. Now it is easy to see (for the octahedral case with fig. 1 ) that whenever we make up a larger spherical figure by putting several of our elementary triangles side by side, we shall either get a triangle whose harmonics we already know, or we shall have a spherical polygon, which by repeated reflection at its boundaries will cover the sphere more than once. This latter fact becomes clear when one realizes that in such cases an odd number of regions will meet at certain corners, these being the corners where the primitive triangles have the angles rc/3 and TC/5.
